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An old puzzle’s story

Fou colours suffice| publicatigh 1878

Heawood 1890




Saved by the computer?

Fou colours suffice |

Coq formal
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Early lessons

 Itis possible to build rigorously self-certifying
program/proofs.

— proof by computation is feasible.

« A computer proof assistant can be used to
explore the logical structure of a proof.

— new math can be gleaned from a formalization.
« Software Engineering matters in formal proofs.
— old rules and new techniques.




Coloring by induction

reducible




The whole proof

* Find a set of configurations such that:

(A) unavoidability: Agé@st one appears in
any plana6 a. cd
(B) reduublflty Each oneé“g*zﬁb

coloured to m 8{@@&9 planar ring
coIounQ%on

* Verify that the combinatorics fit the
topology (graph theory + analysis).




The Poincaré principle

« How do you prove: 2+2=4 7
« Given2 &€ 1+ (1+0)
4 €1+ (1+ (1+ (1+ 0)))
nN+m«ifnis 1+ n’ then 1+ (n"+ m) else m
(a recursive program)

a. 0+2=2 (neutral left)
b:(1+0)+2=1+((0+2) (associativity)

C: 2+2=1+((1+0)+2) (def, associativity)
d: 2+2=1+(1+(0+2) (replace binc)

8 (| acdcaliationylef)




Reflecting reducibility

Setup

Variable cf : config.

Definition cfreducible : Prop :=

Definition check reducible : bool :=

Lemma check_reducible valid : check_reducible -> cfreducible.

Usage
Lemma cfred232 : cfredumble C 5%%7 H2H13Y5H 10
H1H1Y3HI11Y4H 6YLY1LY3Y1YYLY).

Proof. apply 6e“ﬁg.m Ie valld by compute. Qed.




Describing a map

Euler: #edge + #node + #face = #dart + 2 * #comp hypermap

.................




Group Theory

The theory of invertible operators...
— and of puzzles %
Due to Evariste Galois
-x°+3x3+7=0

Explains quantum mechanics M
Cristallography, cryptography... 9‘

® 75 -




The Swiss army knife of Group Theory

 Theorem (Jordan-Hdlder):
Any finite group factors uniquely
Into a series of simple groups

©

 Theorem (Classification): ——
Finite simple groups belong to either
one of 4 general classes,
or one of 26 sporadic exceptions




The Finite Group Challenge

The Classification of
Finite Simple Groups

Frobenius groups Odd Order
Thompson factorisation
character theory

linear representation
Galois theory

linear algebra

I ial
Sylow theow%on}/snomla >

canonical
iIsomorphisms

¢ /\

|G| odd
G simple




The Odd Order Theorem

Theorem (Feit & Thompson, 1963):

All finite groups of odd order are solvable.
Proof. — 255 pages, 50 years
Proofread. — 240 pages, 20 years

Theorem Feit_Thompson (gT : finGroupType) (G : {group gT}) :
odd #|G| -> solvable 6.

Definitions. — 54 LOC

Proof. — 45,000 LOC, 2 years (+ 4 for the library)




A mathematical library shelf

Section Lagrange.

Variable gT : finGroupType.
Implicit Types G H K : {group gT}.

Lemma LagrangeI G H : (#|G :&: H| * #|G : H|)%N = #|G].
Proof.
rewrite —[#IGI]suml_;ard (partition_big_;mset (rcoset H)) /=.

rewrite -(card rcoset _ x) -suml card; apply: eq bigl =>y.
rewrite rcosetE egEcard mulGS !'card rcoset legnn andbT.

by rewrite group modr sublset // inE.

Qed.

" | Lemma divgI ¢ H : #IG| %/ #|G6 :&: H| = #|6 : HI|.
Proof. by rewrite -(LagrangeIl G H) mulKn ?cardG gt0. Qed.

Lemma divg index G H : #|G| %/ #|G6 : H| = #|6 :&: H|.
Proof. by rewrite - (LagrangeI G H) mulnK. Qed.

Lemma dvdn indexg G H : #|G : H| %| #I6G]|.
Proof. by rewrite -(LagrangeI G H) dvdn mull. Qed.

Theorem Lagrange G H : H \subset G -> (#[H| * #|G : H|)%N = #|G]|.
Proof. by move/setIidPr=> sHG; rewrite -{1l}sHG LagrangeIl. Qed.

rewrite mulnC -sum nat const; apply: eq bigr => /rcosetsP[x Gx ->].




Mathematics
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Proof. = 1 subgoal
pose isKi Ks M K : [&& ¥ \in 'M 'P, \kappa(M).-Hall(M) K & Ks \subset K].
have Pmax sym M K X (Ks := 'C (M’ \sigma) (K)) (Z := K <*> K3) Mi : gT : minSimpleOddGroupType
'M 'P -> \kappa(M).-Hall(¥) K -> X \in 'E*1(K) -> Mi \in 'M{'H(X)) -> isKi := fun Ks M K =>
[/\ Z \subset Mi, gval Mi \notin M :": G, exists Ki, isKi Ks Mi Ki [&& M \in 'M_'P, (\kappa(M)).-Hall(M) K & s \subset K]
'E~1(Ks), forall Xs, Z \subset 'N_Mi(gval Xs)}]. : {set gT} -> {group gT} -> {group gT} -> bool
> PmaxM hallK E1X maxNMi. Pmax_sym MKX,
[[_ max¥] [maxMi sHXMi]] := (setIdF FmaxM, setIdP maxiMi). 'C_(M°_\sigma) (¥) in
[_ [defNK defNX] [ntKs uniqCEs] := Ptype structure PmaxM hallK. 1 1= K «<*> K=z in
te -/Ks in defNK ntKs uniqCKs; have [ mulKKs cKEs _] := dprodP defNK. 11 Mi,
{mulKKs} defZ: 'N_M(K) = Z by rewrite -mulKKs -cent_joinEr. M \in 'M_'P ->
2ZMi: Z \subset Mi. (\kappa (M) ) .-Hall (M) K ->
rewrite -defZ: ve [<- _] i= defNX X E1X; r ite setIC sublset ?sNXMi. \in 'E~1(K) ->
[SKMi sKsMi] joing_subP sZMi. i TMOTH (X)) ->
SXMi X \subsetr Mi' \sigma by have [_ ->] := defNX X EIX. [/\ Z \zubset Mi, Mi \notin M G,
sMiX: \sigma(Mi).-group X := pgroupS sXMis (pcore pgroup _ ). exists Ki : {group gT}, isKi Ks Mi Ki
[sXK abelX dimX] := pnElemP EgX. & {in 'E"1(Ks), forall Xs : group_type oT, Z \subset 'N_Mi(Xs)}
x y _rank _gt0 p rank abelem 2dimX.
e notMGMi: gval Mi \notin M :
1 contral (pnatPpi sMiX piXq): case/imsetP=> a _ [
kappa_sigma' (pnatPpi (pHall pgroup hallK) (piSg sXK piXg}). (\kappa (M} ) .-Hall (M) K ->
have kMiKs: \kappa(Mi).-group Ks. 1 Ks 'C_(M°_\sigma) (¥} in

apply/pgroupP=> p p pr /Cauchy[] // xs Ks_xs oxs. let Z := K <*> Ks in
i= <[xs]>%G; have sXsKs: Xs \subset Es by ite cycle subG. #|class_support (Z :\: (K :|: Ks)) G| < nTG ->
: Xs \in 3 ite plElemE // !inE sXsKs -oxs /=. existsz Mstar : {group gT},
e aMi'Xs: \sigma(Mi)"'.-group Xs. n 'M 'P /\ Mstar \notin M :": G &
irite /pgroup /= -orderE coxs pnatE //=. 'E~1(K), forall X, 'M({'C(X)} = [set Mstar]},
contraFN (sigma partition maxM maxMi notMGMi p) => /= sMi p. (\kappa (Mstar) ) .-Hall (Mstar) Ks /% \sigma(M).-Hall (Mstar) Ks,
te inE /= sMi_p -pnatE // -oxs andbT. 'C_(Mstar'_\sigma) (Ks) = K /\ \kappa(M) =i \taul(M),
exact: pgroupS sXsKs (pgroupS (subsetIl _ _} (pcore pgroup _ _}) - [/\ cyclic Z, M :&: Mstar = 2, {in
ve unigM: 'M('C(Xs)) = [s=t M] by app uniqCKs: ap 7/nElemP; exists p. T 'C_M[x] = Z}, Ks
= trivgPn _ (nt pnElem EgX isT). 11 'C_Mstar[y] = Z}
1 (Mi* \sigma)“# by rewrite !inE ntx (subsetP s¥Mis). ~% & Ka}, fora Cix ¢yl = Z}]
nave CMix xs: xs \in ('C _Mi[x])"~#. & [/\ [/\ normedTI (Z : Ks)) G Z,
21inE —order gtl oxs prime gtl // inE -lcycle subG. { : M, : aT,
(subset_trans sXsKs) //= sub centl (subsetP _ x Xx) //. [disjoint Z :\: (K :|: Ks) & M :~ gl}
te centsC (centS5 sXsKs sXKE). & (#|G|%:R / 2%:R <
_ 11 = pi of cent zigma maxMi Mis x CMix xz sMi'Xs. #|class support (Z :\: (K :|: Ks}) GI%:R)3R],
; case; rewrite /p elt oxs pnatE. M \in 'M_'P2 /\ prime #|E| \/
case/mem unig_mmax=> _ sCxsMi; case/negP: notMGMi. Mstar 'M_'P2 /\ prime #|Ks]|,
b ;rite -(eq unig mmax uniqM maxMi) Zorbit_refl //= cent_cycle. { "M "B, 1 H\
ve{kMiKs} [Ki hallKi sKsKi] := Hall_superset (mmax sol maxMi) sKsMi kMiKs. & M*T (1) »><| E
ve{ntKs} PmaxMi: Mi \in 'M 'P. M : {group gT}
rewrite !(maxMi, inF) andbT /= -partG egl -(card Hall hallKi) -trivg cardl. K : {group gT}
exact: subGl contra sKsKi ntKs. Pmax¥ : M \in 'M_'P
nave [_ [defNKi defNXs] _ _ _] := Ptype structure PmaxMi hallKi. hallK : (\kappa(M)).-Hall (M)
f/= [1%s]; y exists Ki; apply/and3P. 'C_(M"_\sigma) (K) : {set gT}
ite -{1}[Ks] (setIidPr sKsKi) nElemI -setIdE => /setIdP[ElXs sXsKs]. i= K <*> Ks : {set gT}
ve{defNXs} [defNXs _] defNXs _ ElXs: te join subG /= {2}defNXs. 1eIGn : #|class_support (Z :\: (K :|: Ks)) G| <= nIG
rewrite !subsetI sEMi sKsMi cents norm ?normsG 2 (centsS sXsKs) // centsC. maxM M \in 'M
M K PmaxM hallK /=; set Ks := 'C_(M"_\sigma) (K); set Z := K <*> Ks. ntk : K '= 1
£2)_.+1 (1tnSn #|class_support (Z :\: (K :|: Ks)) G|) => nTG.
nTG => // nTG IHn in M K PmaxM hallK Ks Z *; rewrite 1tnS => 1eTGn. exists2 Mstar : {group gT},
[maxM notFmaxM]: M \ 'M /\ M \notin 'M 'F setDF PmaxM. n 'M_'P /\ Mstar \notin M :": G &
{notFmaxM} ntK: K : ) te (trivg_kappa maxM) . 'E~1(K), forall X, 'M('C(X)) = [=et Mstar]},
[_ [defNK defNX] [ntKs unigCHs] _ = Ptype structure PmaxM hallK. (“kappa (Mstar)) .-Hall (Mstar) Ks /\ \=igma(M).-Hall (Mstar)

te —/Ks in defNK ntKs unigCKs; ve mulKKs cKKs _] := dprodP defNK.[] 'C_(Mstar® \sigma) (Ks) = K /\ \kappa(M) =i \taul(M),
={mulKKs} defZ: 'N M(¥) = Z by rewrite -mulKKs -cent_JjoinEr. [/\ cyclic Z, M :&: Mstar = Z, {in K°¥, 2ll x, 'C_M[x]
= MNX := \bigcup_ (X in 'E"1(¥)) 'M({'N(X)); poss MX : . {in Ks"#, forall y, }
notMG MNX: {in MNX, forall Mi, gval Mi \notin M 3} & {in K% & Ks"#,
move=> Mi /bigeupP[X E1X / (Pmax sym M ) []]. & [/\ [/\ normedII (Z
MXO: M\ M setUll M MNX. {in ~: M, £
notMNX0: M \notin MNX by apply/negP=> /notMG MNX; te orbit_refl. [disjoint Z : : Ks) 1
K Mi K [pick Ki | isKi Ks Mi Ki]. & (#1G|2:R / 22:R < #|class support (Z :\: (K :|: Ks)) G|%:R)3R],
. (Mi®_\s=igma) (K_ Mi). M \in 'M_'"P2 /\ prime #|K| \/ Mstar \in 'M_'P2 /\ prime #|Hs|,
. { 'M_'P, 11 H, H\in M :*: G :|: Mstar :*: G}
» case: pickP => // K1 /and3P[_ /and3P[_ kK1 _] sHsKl]. & M~ (1) ><| K
[ \sigma(M).-group Ks := pgroupS (subsetIl _ _) (pcore pgroup _ _).
te —(setIid Ks) coprime TIg %eqxx ?(pnat_coprime sM Ks) // ntKs.
sub_pgroup (@kappa_sigma' M) (pgroupS sKsK1 kK1). -
-— (Unix)-- BGsectionld.v 51% L1387 SVN-4643 (cog Scripting *1 SUBGOAL* Hnles)——-{—l\—— *goals* All L53 (CoqGoals)
Switch to buffer in other window (default #*scratch#*):




Demonstration

mxtrace_mulC is defined

Y TOYLS) "l LJ A( A U

; )
\tr (RO *% \sum i \su * AQ0 jJ
% A B KHB‘; Ak Bk y

\tr (A *m B) \tr (B *m A)

— ’ y— 2 () O \ n m

Lemma mxtrace mulC mn (A : 'M[R] (m, n)) B :

\tr (A *m B) = \tr (B *m A).
Proof.
gen have trE: mn A B / \tr (A *m B) = \sum i \sum j A i j * B ji.
by apply: eq bigr => 1 ; rewrite mxE.
rewrite {}!trE exchange big.
by 2'apply: eq bigr => ? _; apply: mulrC.
Qed.




Formal mathematics
: Szzll?aegzyssrsnputation
PR
= OO

- infer types - invoke computatlo \
- compute types - control computatlo /

/\\

/




Algebraic notation

Y d(n/d) md

Yai X din i/z\lGCD Qi(X)

;n (-1)0 l_li Ai,io HDGH | C‘D Vi

H maximal Vi= W

\bigcap {H < G \aztop H {\rm\ maximal}} H

Definition determinant n (A : 'M n) : R :=
\sum (s : 'S n) (-1) *+ s * \prod i A i (s i).




Implementing notation

Definition mxtrace (R : ringType) n (A : ‘M[R] n) :=

@bigop R ‘I n 0 +3R (index enum )

(fun 1 : ‘I n => fun of matrix A i i)




Algebra interfaces

~ Rmorphism

ComUnitRing




Inferring notation

Definition mxtrace (R : ringType) n (A : ‘M[R] n) :=
@bigop R ‘I n 0 (@Gring.add (Ring.ZmodType R))
(index enum )

(fun i : ‘I n => fun of matrix A i i)




Basic interfaces

and objects

bool
if b then ...

0, n.-l:l, SR

(ordinal n
I‘I_n, 0, ord_max




Ad hoc inference

Definition mxtrace (R : ringType) n (A : ‘M[R] n)
@bigop R ‘I n 0 (@Gring.add (Ring.ZmodType R))
(index enum (ordinal finType n))
(fun i : ‘I n => fun of matrix A i i)




Generic Lemmas

Pull, split, reindex, exchange ...

Lemma bigDl1(I : finType) (j : I) P F :
Pj -> \big[*%M/l]_(i | P i) F i
=F j * \big[*%M/l]_(i | P i && (i '= j)) F 1.

Lemma big split I (r : list I) P Fl1 F2 :
\big[*%M/1] (i <- r | P i) (F1 i * F2 i) =
\big[*%M/1] (i <- r | P i) F1 i * \big[*%M/1] (i <- r | P i) F2 i.

Lemma reindex (I J : finType) (h : J -> I) P F :
{on P, bijective h} ->
\big[*%M/1]_(i | P i) F i = \big[*%M/1]_(j | P (h j)) F (h j).

Lemma bigA distr bigA (I J : finType) F :
\big[*%M/1] (i : I) \big[+%M/0] (j : J) F i j
= \big[+%M/0] (f : {ffun I -> J}) \big[*%3M/1] (i) F i (f i).




Operator structures

Polymorphism for values!

Structure law
Law {

Type := Structure com law : Type :=
AbelianLaw {

operator :> T -> T -> T; com operator :> law;
__ . associative operator; __: commutative com operator
left id idx operator; }.

right id idx operator

}.

Canonical addn

monoid := Monoid.Law addnA addOn addnO.

Canonical addn

abeloid := Monoid.ComLaw addnC.

Canonical muln

monoid := Monoid.Law mulnA mulln mulnl.

Canonical ring

add monoid := Monoid.Law addrA addOr addrO.

Canonical ring

add abeloid := Monoid.ComLaw addrC.




Interfacing big operators




More mathematical
components...

Finite group theory: morphisms, actions, characteristic &
functor subgroups, p-groups, Frobenius & extremal
groups...

Character theory, representation and module theory,
vector geometry.

Finite field and Galois theory, algebraic number theory.
Linear algebra, matrix rank.




Linear algebra interface?

compute . group representation
shape Matrices 5 :G — M,(C)

row spaces coordinates

kernels bases
aggregate Mecien group character
dimension spaces X=tr2:G-C




Notation abuse

In math:
S=A+3 Bjisdirect
iff rank S = rank A + 3. rank B;
In Coq:

Lemma mxdirectP n (E : mxsum expr n)
reflect (\rank E = mxsum rank E) (mxdirect E).

This is generic in the shape of E

Let sumV := (\sum (i < h) 'V_i)3%MS.

(* This is B & G, Proposition 2.4 (a) *)

Lemma mxdirect sum eigenspace cycle
(sumV :=: 1%:M)%MS /\ mxdirect sumV.




urren

B. The Puig Subgroup

Rec

Proof. Again we use induction for (2). For n = 0 we know
(a) is true by hypothesis. Now suppose that n > 0 and L(G|

Then
L(G) = Laa(H).
Hence
Lan(H) € Lg(L(G)) = L.(G).
Furthermore,
Laa(H) = Lg(L.(G)) = L(G) C H.
Thus

L(G) € Lansr(H).
Again, (b) follows from Lemma B.1(c). O

By Step 1 and Step 2 we can now conclude that L(G) 4
sired. O

Lemma B.3. Assume p is odd, G is solvable of odd order, af|
Suppose that S is a Sylow p-subgroup of G and T' = 0,(G)

Lu(S) € L.(T) € L(T) C L(S).

Proof. First we show by induction on n that for all n > 0,
(B.1) L3n(8) C L2n(T) € Lan+1(T) C Lans1(S).
For n = 0 the statement reduces to

1C1CTCS,
which is trivial.

Assume (B.1) holds for some n. Since Lyn41(S) = Lans
(B.2) Lans1(T) = Lansa(S).
Now Laa41(T) is a normal p-subgroup of G and, by Le:
Lan+1(T) 2 Cr(L2a41(T)).

Thus, by (B.2) and Theorem A.5, | *

Lan42(S)CT.

Hence, by (B.2),

(B.3) Lan42(S) € Lr(Lan41(T)) = Lan4a(T).
Consequently, by Lemma B.1(a),

(B4)  Lansa(T) = Lr(Lany4a(T)) € Lr(Lansa(S))
C Ls(Lzn42(S))
By Lemma B.1(b),

r ey~ ¥ s

Theorem Pulg center normal 'Z(i) <| .
Proof.
hawve [sLisST sLTS] := pcore_Sylow Puig sub.
hawve sLiLT: 'L_*(T) \subset 'L(T) by exact: Puig_sub_sven odd.
have s52Z¥: '"Z(L) \subset Y.
rewrite subsetI andbl sublset ?centS ?orbT //=.
suffices: 'C_S('L_*(8)) \subset '"L(T).
by apply: subset trans; rewrite setISS ?Puig sub ?centS ?Puig sub even odd.
apply: subset trans (subset trans sLisT sLiLT).

by apply: sub_cent Puig at pS; rewrite double gt0.

have ch¥: ¥ “char G := char trans (center Puig char _) (pcore char _ ).
have nsCY¥ G: 'C_G(Y¥) <| G by rewrite char normal 1l?subcent char 2char refl.
have [C defC sCY C nsCE] := inv_gquotientN nsCY & (pcore normal p ).
have sLG: L ‘subset G by rewrite (subset trans _ (pHall sub sylS)) ?Puig_sub.
have nsL nCS: L <| 'N G(C :&: §).

have s¥YLiS: Y \subset 'L _*(S).

rewrite abelian norm Puig ?double _gt0 ?center abelian //.
apply: normalS (pHall sub sylS) (char normal ch¥).
by rewrite subIset // (subset_trans sLTS) ?Puig_sub.
[] have g¥L: ¥ ——> T := norm_abgensS sYLis (Puig gen _ ).
have sLCS: L \subset C :&: S.

rewrite subsetI Puig_sub andbT.
rewrite —(quotientSGE _ sC¥Y C) ?(subset trans sLG) ?normal norm // -defC.
rewrite odd abelian gen stable ?char normal ?norm abgen pgroup //.

by rewrite
by rewrite

(pgroupS _ pT) ?subIset // Puig sub.
(pgroupS _ pS) ?Puig sub.
rewrite —[L] (sub Puig eg _ sLCS) ?subsetIr //.
by rewrite (char normal trans (Puig char )) ?normalsSs // subIset // s5G orbT.
have sylCS: p.—-Sylow(C) (C :&: §) := Sylow setI normal nsCG sylS.
have{defC} defC: 'C G(¥) * (C :&: 5) = C.
applyv/egP; rewrite egEsubset mulG subG sCY C subsstIl /=.
have nC¥ C: C ‘\subset "N('C _G(¥)).
exact: subset trans (normal sub nsCG) (normal norm nsCY _G).
rewrite —-gquotientsSkK // -defc /= -pseriesl.
rewrite —(pseries_catr_id [:: p nat_pred]) (pseries_rcons_id [::]) /=.
rewrite pseriesl /= pseriesl defC pcore_sub_Hall // morphim pHall //.
by rewrite subIset ?nCY_C.
have defG: 'C_G(Y) * 'N_G(C :&: 8) = G.
have sCS8 N: C :&: 8§ \subset 'N G(C :&: 5).
by rewrite subsetI normG subIset // sSG orbT.
by rewrite —(mulSGid sCS N) mulgh defC (Frattini arg _ sylCs).
hawve nsZz N: 'Z(L) <| 'N G(C :&: 8) char normal trans (center char )} nsL nCS.
rewrite /normal subIset 2?sLG //= -{lldefG mulG subG /=.
rewrite cents norm ?normal norm // centsC.
by rewrite (subset trans sZY) // centsC subsetIr.
Qed.




Telescopic algebra

have [[Ua Uul Uvl POsl Dusvl] /sUs _modP-Duvl] := (usvlP, usvlP).
- O Pl Dsatadiotiia have. [[_ TuZ TvZ PD§2 _1 [Ub Tu3 Uv3 PO0s3 _]] := (usvZP, usv3P).
suffices /(congrl sigma): s ~+ 2 = s ~ vl * 5 ~ a~-1 "~ t ~+ 3.
Thus, if k € F, and € = k — 2, after multiplying on the left rewrite inE sigma¥ // sigma s sigmaM ?memJ P —?psiE ?nUtn // => —>.
and on the right by ¢*~* = t we have by rewrite addrK —!im psi !mem imset ?nUtn.
(C.3) rewrite groupV in Ua; have [Hsl Hs3]: sl \in H /\ s3 \in H by rewrite !sPOH.
o S S SR . . S have nt_sl1: 51 != 1 by apply: nt_sUs usvl1P.
el ek (a1t (Rh gt el (gp-1) ! etk -l- o ve nt 53: s3 != 1 by apply: nt sUs usv3P.
s-hphe-tyt m stte-sei-fhave {sUs¥p} DsZp: s2def (wl ™+ p) (w2 ™+ p) (w3 ™+ p).
Now observe that have [/sUsXp-usvlpP /sUsXp-usvZpP /sUs¥Xp-usv3pP] := And3 usvlP usvZP usv3P.
sttt = = (a¥) = o=y~ ay) = [, 0] € rewrite expUMp ?groupV // lexpgVn in usvlpP usvZpP. /)
. rewrite ! (="~ conjXg pr eXxpUMp)} ZgroupV -12?[t]lexpgl ?nUtn ?nUtVn .
oo s Summmdation \C48) buome apply: DsZ usvlpP ustpf usv3ppk => //.
(C.4) i P by rewrite lpsiX // —!Frobenius autE —rmorphD Dab rmorph nat.
s e T (e Y e (Ds2) Ds2: s2def wl w2 w3 by apply: Ds2 usvlP usv2P usv3PE.
wam uassvs “Swlog [Uwl Uw2 Uw3]: wl w2 w3 DsZp Ds2 / [/\ wl \in U, w2 \in U & w3 \in U]J.
By Step 1, there are elements u;, and v; € U and 5; € Py, by move/(_ wl w2 w3)->»; rewrite ?(nUtVn, nUtVn 1%N, nUtn 1%N, in group) .
thet have{DsZ2p} Dw3p: (w2 - p * wl "— p.-1 "~ s3 * w2) ~ t *+ 2 = w3 “+ p.-1 ™~ s1~-1.
uyayvy = s*-3(a=Y)" g4 rewrite —[wl ~+ 1 (mulEKg wl) —-[w3 "+ _](mulgK w3) -expgS -expgSr !prednK //.
(C.5) ugsavg = s*(ab=1) " a2 rewrite - (canLR (mulEg )} Ds2p) -(canLR (mulEKg ) Ds2Z) 6&!invMg !invgK.
tsasvy m a*-15E g by rewrite mulg® mulgE [2]lock /econjg !mulg® mulVg mullg mulgK.
have w id w: w \in U -> w *+ p.-1 == 1 -> w = 1.
Wkly fops by move=> Uw /eqgP/ (canRL_in (expgK _) Uw)-»>; rewrite Zexpgln 2ol.
(C8) si#Fl  (i=1,2,3). / hawve{Uw3} Dw3: w3 = 1.
If we multiply equation (C.4) on the left by s* and on the apply: w_id => //; have:= @not_splitU s1~-1"-1 si1~-1 (w3 ~+ p.-1).
use equation (C.5) we have rewrite !groupV mulVg egxx andbT {2}invgK (negPf nt sl) groupX //= => -> //.

Puy 8103t 39709t ugsavs = 1, and heng have /tiH Pl <-: t ~+ 2 “\in P1"#.
T e e Ty ) rewr:l.te.E!J_nE groupX // andbT -order dvdn gtnNdvd // orderd.
Ny Sl Noiagont by rewrite odd gtZ2 ?order gtl // orderE defP0 (oddSg sPOP).

ik 0 = 5 by rewrite -mulgA -conjgE inE -{2}Dw3p memJ conjg !in group ?Hsl // sUH.
i = have{Dw3p} Dwip: w2 "+ p.-1 = wl - p.-1 "~ s3.
wi=vj u, wy=veui, and wy= apply/ (mullg w2)/egP; rewrite —expgSr prednK // eq mulVgl mulgh.
then w; € U and d by rewrite (canRL (conjgK _) Dw3p) Dw3 expgln !conjlg.
(cn) 8ot " = (wysywat?syws) L. have{Uwl} Dwl: wl = 1.

Next we show that (C.5) holds with a, b, ws, snd w ref ~ 2PP1Y: w_id => //; have:= @not_splitU s37-1 s3 (wl - p;fl}' _
«?, and v, respectively. We prove only the firat equation s rewrite mulVg (negPf nt s3) andbF -mulgA -conjgE -DwZp !in group //=.
by rewrite egxx andbT eg_invgl /= => ->.
have{wl w2 w3 Dwl Dw3 w_id UwZ DwZ2Zp Ds2} Ds2: t % s52°-1 % £t = 53 * t ~+ 2 * sl.
by rewrite DsZ Dw3 [w2]w_id ?mulgl ?Dw2p ?Dwl ?mullg // expgln invgl conjlg.
s e S i = s = -




Proof by reflec

16 Character Theory for the Odd Order Thearem

Assume that (3.5) has been shown. Set w; = xi; and extend ¢ to CF(W)
by linearity. Then (8) and (b) of Theorem (3.2) are established, and zssertions
(¢) and (d) of Thearem (3.2) follow from (1.3)

Proof of (3.5).
(3.5.1) Let B; = Indfy 0, = 1g (1 i< wy, 1 €7 < ws). Then (8y,1a) =0
and ||8,|]* = 3 for all i, j while (8;;,Biy) = (Bis; Bos) = 1 and (B,;.8:) =0
fori ¢, 3£
Proof. That (Ind§} iy, 1) = (ay,lw) = 1 follows from Frobenius reci-

procity, and s0 (f,;,1c] = 0. The other relations follow from the fact that
Ind}y, is an isometry on /l"?F( W, V). (2 .4) o
’

Let 1 i< wy, 1 €j < w. By (3.5.1) and the fact that f; € Zfrr(G)]
we see that f; = 3,c4, X, where A,; is a set of three pairwise orthogonal
elements of (Irr(G) - {15}).

(3.5.2) We have

AnNApl=1and A;;N(—4;) =1

Proof. Let Ay, = {x1,x2,x3} and a; = (B2, xi) for i = 1,2,3. Then
(B2, 811) = ay+ay+ey = 1 and g; € {0, 1, —1}. The numbers a; are thus either

1,0,0, 0r 1,1, ~1. In the second case, we may assume that 813 = x1 + X2~ X3
whence 2y; = B, — fiz = Ind§j(ey; — a;3) vanishes on | € G, which is a
contradiction. ]

Lemuma (3.5.2) clearly holds with A;; and A, in place of A;; and A;; if

i=1and j # j orif 1 # ' and j = j’. We refer to this lemma for A;; and
Apyas L(iy,v'"). We also refer Lo the statement (5,,, 8,y) = 0 for i # ¢’ and
7 #7" as O(ij,#'y")

By Hypothesis (3.1), sup{wy,w;) > 5. By the symmetry between w, and
w;y, we will assume

(3.5.3) w; >5

In the proof which follows, the functions y, and x,, are pairwise orthogonal
elements of +(Irr(G) - {1g}).

(3.5.4) | NMicice, A =1

Proof. Suppose that (3.5.4) is false, By (3.5.2), we can then write, for some

choice of indices 1 = 1,2,3,
B = xat+xat+xs
Bn = xi+xatXs
B = Xa+ Xat Xe

et unsat Ii : unsat |= & %1 in bll & x1 in b21 & ~x1 in b31.

roof.
wlog Dbll: (& bll = x1 + x2 + x3) by do 2!fill bll.
wlog Db21: (& b21 = x1 + x4 + x5).

by uhave ~x2, ~x3 in b21 as L(21, 11); do 2!fill b21; uexact Db21l.
wlog Db31: (& b3l = x2 + x4 + x06).

uwlog b31x2: %2 | ~x2 in b3l as L(31, 11).

by uhave x3 in b31 as 0(31, 11); symmetric to b31x2.
uwlog b31lx4: x4 | ~x4 in b3l as L(31, 21).

by uhave x5 in b31 as 0(31, 21); symmetric to b31lx4.
uhave ~x3 in b3l as 0(31, 11); uhave ~x5 in b3l as L (31,
by fill b31l; uexact Db31.
onsider b4l; uwlog b4lxl: x1 | ~xl in b4l as L(41,
uwlog Db4l: (& b4l = x3 + x5 + x6) => [|{b4lxl}].
uvhave ~x2 | %2 in b4l as L(41, 11); last symmetric to b41x1.D

21).

11).

uvhave ~x4 | x4 in b4l as L(41, 21); ‘=25t symmetric to b4lxl.
uvhave %3 in b4l as 0(41, 11); uhave x5 in b4l as ©0(41, 21).
by uhave x6& in b4l as 0(41, 31); uexact Db4l.

consider bl2; uwlog bl2xl: x1 | ~xl1 in blZ as L (12, 11).
uvhave ~x2 | ®2 in bl2 as L(12, 11); ‘=5t symmetric to bl2xl.
by uhave %3 in bl2 as 0O(12, 11); symmetric to blZxl.

uwlog blZx4: -x4 | ~x4 in bl2 as o0(12, 21).

by uhave -x5 in bl2 as 0(12, 21); symmetric to bl2x4.
uhave ~x2, ~x3 in bl2 as L(12, 11); uhave ~x5 in blZ as 0(12, 21).
by uhave x6 in bl2 as 0(12, 31):; counter to 0(12, 41).
iwlog Db4l: (& b4l = x1 + =6 + x7).
uhave ~x2, ~x3 in b4l as L(41, 11); uhave ~x4, ~x5 in b4l as L(41, 21).
by uhave x6¢ in b4l zs 0(41, 31); f£ill b4l; uexact Db4l.
onsider b32; uwlog Db32: (& b32 = x6 - x7 + x8).
uwlog b32x6: x6 | ~x6 in b32 as L(32, 31).

uhave ~x2 | %2 in b32 as L(32, 31): + symmetric to b32x6.
by uhave x4 in b32 as 0(32, 31); symmetric to b32x6.

uhave ~x2, ~x4 in b32 as L(32, 31).

uhave —-x7 | ~x7 in b32 as 0(32, 41).

& b21 = =1 + =4 + x5
& b3l = %2 + x4 + x6
& ~x1, ~x2 in b4l

uhave ~x1 in b32 as 0(32, 41); uhave ~x3 in b32 as 0(32, 11).
by uhave ~x5 in b32 as 0(32, 21); £ill b32; uexact Db32.
uhave -x1 in b32 as 0(32, 41).
by uhave x3 in b32 as 0(32, 11); counter to 0(32, 21).
onsider b4Z; uwlog Db42: (& b4Z = x6 - x4 + x5).
uhave ~x6 | %6 in b42 as L(42, 41).
uhave ~x7 | %7 in b42 as L(42, 41); last counter to 0O(42, 32).
vhave xl1 in b42 as 0(42, 41); uhave x8 in b42 as 0(42, 32).
uhave ~x2 | -x2 in b4Z as 0(42, 11); l=2st counter to O(42, 21).
- (Unix) —— PFsection3.v 55% L1115 SVN-4447 (cog Scripting *3 SUBGOALS* I
bdlxl unsat
|= & bll = =x1 + =2 + =3
& b21 = 21 + x4 + x5
& b3l = x2 + x4 + x6
& xl1 in b4l
Db41l unsat
|= & bll = =1 + =2 + =3
& b21 = x1 + x4 + x5
& b3l = %2 + x4 + =6
& b4l = =3 + x5 + =6
unsat
|= & bll = x1 + =x2 + =3




Wandering typo

« B& G 15.7

—..(€)(2) p = |X]| is a prime in g(M) — 3(M),
Op(H) is not abelian, O,(H) is cyclic, ...
Theorem 15.7. Suppose F(M) is not a TI-subgroup of G. Let H = Mp

and choose g € G ~ M such that X = F(M) N F(M)? is not trivial. Take
E, Ey, E,, E3 as in Sections 12-13. Then

(a) M € Mg U Mp, and H=M,,

(b) X C d X is cyclic,
‘j/ .-,fC) M’ gF’(.IM. = Mo» X OO(M)r(F(M)),
KT (/'?'IFD (d) E3=T1,E; < E, and E/E; = E,, which is cyclic, and

(e) one of the following conditions holds:

\ (1) M € #g and H is abelian of rank two, H{
is not abelian,

Lo ol { (2)]: = |X| is a prime in o(M) — (M), O,
r Op(H) is cyclic; and the exponent of M/H divides ¢ — 1 for
17‘ every q € m(H), s
/7 ((3) p=|X]| is a prime[in o (M) - B(M), Oy (H) is cyclic, /O, (H)
has order p®|and is not abeliany M € #,, and |M/H]|
divides p + 1. - ‘




Things to look forward to

 Certification
— of computer computations
— of complex proofs

« Collaboration

— safe contributions from diverse backgrounds
* Inspiration

— explore logic, dependencies, and factoring




