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Abstract :

A large class of classical lattice models, describing the coexistence of a finite num-
ber of stable states at low temperatures, is considered. The dependence of the finite
volume magnetization My, (h, L), in cubes of size L¢ under periodic boundary
conditions, on the external field h is analyzed. For the case where two phases coex-
ist at the infinite volume transition point h;, we prove that, independently on the

details of the model, the finite volume magnetization per lattice site behaves like

Mper (he) + M tanh (M L (h — hy)),

with Mpe,(h) denoting the infinite volume magnetization and

M = %[Mper(ht +0) — Mper (hy — 0)} Introducing the finite size transition point
hm(L) as the point where the finite volume susceptibility attains the maximum, we
show that, in the case of asymmetric field driven transitions, its shift is hy—h,, (L) =
O(L~29) in contrast to claims in the literature. Starting from the obvious observation
that the number of stable phases has a local maximum at the transition point, we
propose a new way of determining the point h; from finite size data with a shift
that is exponentially small in L. Finally, the finite size effects are discussed also in

the case where more than two phases coexist.



1. Introduction

The behaviour of lattice systems at first-order transitions for finite lattices has
been recently intensively studied [1-5]. The discontinuity that appears in the ther-
modynamic limit is smoothed for finite volumes. The widely accepted view is that
the nature of this smoothing does not depend on the details of the model. For sym-
metrical models, like the Ising model, with the symmetry h <> —h with respect
to the ordering filed h, the finite size effects respect this symmetry. In fact, one
expects that the magnetization M., under periodic boundary conditions in a cube

of size L behaves like

Mper (h, L) ~ M tanh (M -hL%), (1.1)

where M is the (infinite volume) spontaneous magnetization and d is the dimension
of the lattice (the inverse temperature [ is included into h). This dependence
follows already from the rough low temperature approximation of the partition func-

tion

Zer (W, L) ~ e"ML* | o=hMLT (1.2)

There is a certain controversy in the literature once the models without such a sym-
metry are considered. It concerns both, asymmetric field driven transitions as well as
the temperature driven transitions for the Potts model. Different versions of the for-
mula (1.1) were obtained assuming different ansétze [4, 5] on equilibrium probability

distribution P, (¢) of the corresponding order parameter.

Our aim in this paper is not only to resolve this controversy, but in general, to
put the theory of finite size effects on rigorous footings. The theory presented here
starts from the observation due to Borgs and Imbrie [6] that the partition function

(under periodic boundary conditions) of a model that describes the coexistence of N
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phases, ¢ = 1,...,N, is well approximated! by

N
Zper (L,h) = Z e_f‘; Ld. (13)
q=1

Y

Here f(; is some sort of "metastable free energy” of the phase ¢. It equals the
equilibrium free energy f of the considered model whenever ¢ is a stable phase;
otherwise f, > f and the phase ¢ is exponentially damped in (1.3). As an

implication, one can show that

Z er aL
lim M

Jim S — N (h), (1.4)

where N(h) denotes the number of stable phases at the particular temperature and

for the particular value of the (generalized) magnetic field h.

The main idea of the present work is to substantiate the finite size behaviour (like
that in (1.1)) by showing that the functions f, can be replaced by sufficiently smooth
functions (for our purposes it is convenient to consider four times differentiable func-

tions) and by carefully estimating the involved errors. Considering the generalized

magnetization
1 dlog Zyer (h,L)
M., (h, L — P ’ 1.
p (h7 ) Ld dh ) ( 5)
we can approximate it from (1.3) by
N
Mper (h,L) = > Py(h) - My(h), (1.6)
q=1
. af, i
with M, = _d_ff and P, = ————

_ gt d
e me
1

M=

IThis result as well as the results of the present paper are valid for a large class of lattice models
at low temperatures that can be rewritten in terms of contours with small activity.
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Expanding now P, and M, around the point h(®) of coexistence of all phases, we
get the finite size effects in the case of the multiple phase coexistence. To our knowl-
edge, the closed formula for the finite size behaviour around the point of coexistence
of more than two phases has not been considered before in the literature (with a
possible exception of the Potts models, where, however, all the ordered phases are

linked by a symmetry).

In the particular case of coexistence of two phases we get for My, (h, L), alsoin a
nonsymmetric case, a formula that resembles (1.1). The (infinite volume) coexistence
point h; may be shifted due to finite size effects. One can imagine several different
ways how to locate the point h; from (say, Monte Carlo) data for a finite cube.
An obvious possibility is to consider the point h,,(L) where the finite volume
susceptibility xper (R, L) is maximal. We prove that this point is shifted by a term
proportional to L~2¢ with respect to h; (the shift predicted in [5] is proportional
to L~9). It turns out that a more natural and also more accurate estimate can be
gained by considering a finite size approximation N(h,L) of the number of phases
N(h) as given by (1.4). Observing that the number of phases has a local maximum
at the coexistence point h; (acutally, it abruptly jumps from N(h) = 1 for h # h,
to N(hy) = 2), we define h;(L) as the point where the function N(h,L) attains

the maximum. It can be shown that it is, in fact, the point where

Mper (h,L) = Mpe, (h,21L), (1.7)

and that its shift with respect to the infinite volume value h; is exponentially small

in dependence on L.

Before summarizing the content of the paper we stress two points. First, in the
case of asymmetric first order transitions it is not essential whether it is field driven
or temperature driven. Thus, the parameter h may be actually replaced by J
and the methods of the present work can be used also for e.g. the Potts model [7].

Secondly, the class of models that can be treated contains not only standard lattice



models with finite numbers of spin states, but covers also first order transitions for
some models with ”continuous spin” like P(g)s-models (both, on a lattice and a

continuous space-time) [8], or lattice Higgs U(n) models with large n [9].

We start in Section 2 by introducing the class of models to be studied. Then
we show how to introduce the smooth functions f;. Some proofs are delegated to
the Appendix. Section 3 is devoted to a detailed discussion of finite size effects in
the case of coexistence of two phases and to the evaluation of shifts of several finite
volume transition points. The proofs are collected in Section 4. The general case

of multiphase coexistence is studied in Section 5.

Acknowledgements: The authors would like to thank the Department of Mathe-
matics at ETH, the Department of Mathematical Physics at Charles University, and
the Institute of Theoretical Physics at Freie Universitat Berlin, for hospitality that

made this collaboration possible.
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2. Contour models, truncated partition functions,
stable and unstable phases

In this section we introduce a class of models describing the systems we want to
analyze. Following [10], [6] and [11] we then introduce certain truncated contour
models, that on one side can be analysed by convergent cluster expansions and on
the other side agree with the original model for stable boundary conditions. The
truncated partition functions and their free energies will play an inportant role in the

analysis of this paper.

2.1. Definition of the model

We start with the definition of the partition function, Z,(V'), in a region V' with
boundary condition g € @ = {1,2,... ,N}. The index ¢ labels the possible “ground
states” of the system, and V is a finite union of unit cubes in R?, with d > 2. We
use the notation V¢ to indicate boundary conditions ¢ on V, and to each ground
state ¢ € ) we associate a "ground state energy” e, € R. Z,(V) will be defined as a
sum over contours Y in V', so we begin by defining these objects.

A contour is a pair (Y, ¢(-)) where Y is a connected union of closed unit cubes and
q(-) is an assignment of labels ¢(F) € Q to the boundaries F of the components
C of Y¢=RHNY. If ¢(-) = ¢ on the external boundary component of Y we
call Y a g-contour and we sometimes emphasize this by a superscript ¢ on Y. To
simplify formulae, we use the symbols Y or Y? to denote the pair (Y,q(-)) as well
as the region Y. We use Int,,Y to denote the union of all finite components C
of Y¢ for which ¢(0C) =m, and write Int Y =UN_, Int,,Y, V(Y)=Int Y UY.
Finally, each contour Y has a translation-invariant activity p(Y) € R satisfying

the following bound for some large 7:
Ip(Y9)] < e=(rreolYl (2.1)

Here |Y'?| denotes the volume of Y7 and eq is defined as the energy of the lowest



groundstate,

ep = mine, . (2.2)
q

An allowed configuration of our system is a collection, {Y,}, of nonoverlapping?
contours with compatible boundary labels. The compatibility is determined by the
requirement that any connected component of V\ U, Y, has constant boundary
conditions. In addition, we require that the distance of Y, and dV? is greater than
or equal one for all contours Y,. If the complement V¢ of V' is not connected, we do
not allow contours whose interior intersects V¢. Given a collection of contours, we
finally attach energy densities to the regions occupied by each phase of the model. A
connected component of V\U, Y, that has boundary condition m is considered to
be part of R,,, the region “in the m-th phase.” Thus we have partitioned V' \U, Y,
as Uy, R,,. Associating the energy density e, with the region R,,, we get the

expression for the partition function:

2,0v) = 3 T olv) T[ een1mnl 23)

{Y,} « m=1

The connection between this partition function and the Peierls contour picture of spin
systems is clear — we have just replaced sites with cubes and thickened contours to
include neighboring cubes.

The magnetic fields are introduced as real parameters {h;} on which the activities
p and the energies e, may depend. There should be at least N —1 such parameters,

and we need a degeneracy-breaking condition. Namely, we suppose that the matrix

E= ( dj; (eq — eN)> (2.4)

q,i=1,... N—1

is nonsingular. We further assume that p and e, are C? functions of h =

2Since contours were defined as union of closed unit cubes, this condition is equivalent to the
condition that dist(Ya,Yg) > 1 for all a # .



(h1,...,hn—1) satisfying the bounds

dke
’dh,j <Cy, (2.5)
d*p(Y
dpffk )‘ < Cpe(TredlVl and (2.6)
|E~Y|. = m?xz I(E~1)44] < const < oo , (2.7)
q
where the constants are independent of 7 and k : {1,--- N — 1} — {0,1,---} is a

multi-index of order |k| = >~ k; between? 1 and 4. We also assume that
eq(h =10) =ez(h =0) for all g, €Q . (2.8)

For many purposes we need a second expression for Z,(V) which eliminates the
compatibility of boundary conditions on contours. To this end we first sum in (2.3)
over all sets {Y,} with a fixed collection of external contours (those that are not
contained in Int Y, for any «). For each external contour Y'? (external contours in
V7% must of course have boundary condition ¢) this resummation produces a factor

Zm(Int,,, Y'?). This yields the expression

2,V)= 3 I [pO ] Zu(tyvye ealed| (2.9)

{Yi ext © m

where the sum runs over sets {Y 2} of mutually external contours, i.e., Y, UInt Yy,
and Y, UlInt Y, do not overlap for o/ # a. Also, we have denoted Ext =
V\Uqs (Yo Ulnt,,, Y4). Assuming that Z,(Int,,YJ) # 0, we divide each Z,, by the

corresponding Z, and multiply it back again in the form (2.9). Iterating the same

3The reason why we take the derivatives up to namely 4" order here is that eventually we will
use such a condition to evaluate the location of the maximum of the susceptibility, see Sect. 4.
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procedure on the terms Z,(Int,,Y?), we eventually get

Zyv) = eV S T |ove) eq|YQ|H g IIIT ;”))

{vi} o
(2.10)

=e VIN"T] KV

{yvdy «

The only conditions on the collections {Y7} are that the contours do not overlap
and all have outer boundary ¢. The expression (2.10) is useful for stable ¢ (defined
below) while (2.9) is better for unstable ¢ in view of possible zeros of Z,(Int,,Y.?).

Remark i): For the Ising models defined in Section 1, N = 2. The parameter 7
can be chosen as O(f), and the magnetic field H of these models is related to the
magnetic field defined in this section by h = § H.

2.2. Truncated partition functions, stable and unstable phases

We are going to define truncated contour activities, K'(Y'?), and the corresponding

partition functions,

Zy(v)y=e VIS T] K'(V2) . (2.11)

{Yd} «
in such a way that
i) log Z,(V), and the corresponding (infinite volume) free energy, f,, can be analysed
by a convergent cluster expansion.
i) Z,(V)=2,V) if f,=f= mucl2 !, so that the truncated model is identical
me

to the original model if f, = f (following [10], we call these ¢ "stable”).
A possible choice, essentially identical to that of [6], would be the definition K'(Y') =
K() if |[K(Y)| < e 8Dl and K'(Y) = 0 otherwise. This definition leads to
truncated partition functions obeying the above conditions i) and ii), but the cor-
responding free energies f, will not be continuous functions of the magnetic fields

h. While this was of no importance in the context of reference [BI], it would be
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inconvenient for us. We therefore prefer a different definition, motivated by [H et
al.].
We proced by induction. Assuming that K’(Y') has allready been defined for all

contours Y with diamY < n, n € N, and that it obeys a bound

|K'(Y)] < €Yl (2.12)

for some small € the truncated partition functions Z] (V') are defined for all q and
all volumes V' with diam V' < n. Their logarithm can be controlled by a convergent
cluster expansion and Z] (V) # 0 for all m € Q. We then define K'(Y?) for

g-contours of diameter n by

K'(Y9) = ¥ (Yy)p IY‘IIH 7 IIIIllif ;:; , (2.13a)
= [T xCog 12, (vV (V)] — log |24, (V(Yp)] + alY,]) (2.13b)

where o will be chosen later and y is a smoothed characteristic function. We assume

that y has been defined in such a way that x is a C* function that obeys the conditions

0<x(z)<1, (2.14a)
x(x) =0 if  x< -1 and x(z) =1 if  x>1, (2.14b)
d
0< %X(x) <1, and (2.14c¢)
d* ~

where k is a multi-index k : {1,--- ,N} — {0,1,---} and the constants C depend

only on k.
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As the final element of the construction of K’, we have to establish the bound
(2.12) for diam Y = n. We defer the proof, together with the proof of the following
Lemma 2.1, to the appendix. We use f(; to denote the free energy corresponding to

the partition function Z,

1

/AT ’
fo= Vh—I>nZd |V|long(V) ) (2.15)
and f, a, are defined by
f=min f | (2.16)
ag = f(; —f. (2.17)

Lemma 2.1 Assume that |p(Y?)| < e ("He)Yl for all possible q-contours Y.
Then there exists a constant 1y (depending only on d and N) such that, for T > 19
and 0 < a—3 < 7 — 19, the contour activities K'(Y) are well defined for all 'Y
and obey (2.12) with € = e~ (7=2d=2=0) " In qddition, the following statements hold

fort > and 0 < a—-3<7—17p:

i) |Z,(V)] < e~/IVIHIOVI

ii) If agdiamY? <o —2, then K(Y?) = K'(Y1).
iii) If agdiamV < a —2, then Z, (V) = Z(’I(V).

Remarks:
ii) Due to the bound (2.12), the partition fuction Z; (V') can be analysed by a

convergent cluster expansion, and

|log Z, (V) + fi|V|| < O(e)|oV| (2.18)
|fy —eql < O(e) . (2.19)

iii) Due to Lemma 2.1 iii), Z,(V) and Z (V') are equal if a; = 0. One therefore

says that q is stable if a, = 0.
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We finally turn to the continuity properties of Z, and Z;. As a finite sum of C 4
functions, Z,(V') is a C* function of h. The following lemma gives a bound on the

derivative of Z,(V).

Lemma 2.2: Assume that > 19. Then

dk e —T eq—
‘W Z,v)e mH < O(e=T)|V|HleleamDNIVIHV]
for all multi-indices k of order 1 < |k| < 4.

Lemma 2.3: There are constants 19 and K < oo such that, for 7 > 19 and 0 <

a—3<1—1 K'(Y9) and logZ,(V) are C* functions of h, and

< (Ko

'WK’ (YY)

for all multi-indices k of order |k| < 4.

Proof: The proofs of these lemmas are given in Appendix A.

Remarks:

iv) By Lemma 2.3, s = f} — eq is a C* function of h and

< 0(e) . (2.20)

%(fé - eq)

Using the a priori assumption (2.7) we conclude that

d

F= (g i 10) (2.21)
i qyi=1,...,N—1

obeys a bound of the form (2.7) as well, with a slightly larger constant on the right

hand side; combined with the inverse function theorem, one immedeately obtains

the existence of a point h; for which all a, are zero, i.e., all b.c. are stable;

more generally one may construct differentiable curves h,(t) going out of hy, on
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which only ¢ is unstable, surfaces hyg(t,s) on which ¢,g are unstable, etc. A
possible parametrisation of these curves, surfaces, etc., is given by a,, (hq(t)) = Omq t,
am(hqq(t, 8)) = Omgt + mg s, -+

v) In the literature, one often assumes a bound of the form (2.1) with ey replaced
by e4. As one may see from (2.5), (2.7) and (2.8), such a bound will usually hold
only in a neighborhood of diameter O(7) of h = 0. Outside this neighborhood, one
then has to distiguish betweeen states ¢, for which e, — ey < O(7), and those for
which e; — eg > O(7); the notion of a contour is then redefined in such a way that
regions corresponding to a ground state ¢ with e, —eq > O(7) are part of a contour.
Our procedure avoids this procedure of redefining contours.

vi) For the rest of this paper we chose o = 7/2. As a consequence
< e (/O

Ky

dk:
‘ dh¥

for all multiindices k of order |k| < 4; and K'(Y9) = K(Y?) if a,diamY? < 7/4.
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3. Coexistence of Two Phases

In this section we state our results for the finite volume magnetization with periodic
boundary conditions. We consider models defined on a d-dimensional torus 7" with

sides of length L in each direction, whose partition function can be written as

Zper (1) = > ] e ] p(¥a). (3.1)

{Ya} m [e%

Contours are again pairs (Y, g (-)), where Y is a connected union of closed unit cubes
in T and ¢ (- ) is an assignment of ¢ (F) € @ to the boundaries F' of the components
C of Y¢ = T\Y. And R,, is again the union of all components of 7'\ U Y,, which

have the boundary condition m. For contours Y with
diam Y < L/3, (3.2)

we call them small in this section, it is clear which component of T'\Y is the exterior,
ExtY, of Y;and IntY = T\(YUExtY) may be decomposed in the same way as
before: IntY = U Int,,Y.

m
We will assume, that the activities, p (Y'), of the small contours are the same as
those introduced in Section 2 (in particular, p (Y') is translation-invariant, and does
not depend on L, as long as L > 3 diam Y). We don’t need any special properties

of the activity, p, for large contours, apart from the condition that
[p(Y)]| < e THeolMl (3.3a)

and

dk
—(T+e0)|Y
Now, we restrict ourselves to the case of two ground states, @ = {—1,+1}. We

assume the bounds (2.1), (2.5), (2.6) and (2.7) for some large 7, and denote by h;
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the magnetic field corresponding to the coexistence point, see remark iv) of Section

2. We suppose also that signs have been chosen in such a way that
— (e —e-) <O (3.4)

so that -+ is stable for A > h; and — is stable for h < h;. We introduce further the
infinite volume magnetizations,
Me(h) = lim — L 10 2o(v) (3.5)
= lim — — lo .
* voza [V dh 8 OEV)
where Z1 (V) are the partition functions introduced in the last section, and the finite

volume magnetization with periodic boundary conditions,

1 d
Myer (h,L) = Td log Zper (T) . (3.6)
Note that M, (h) can be analyzed by a convergent cluster expansion if A > h;, while

for M_(h) we have a convergent cluster expansion if h < hy.

Remark i): As a finite sum of C* functions, Zpe.(T) is a C* function. Therefore
Mper(h, L) is well defined as long as Zpe, (T') # 0.

The following lemma, togehter with Theorem 3.2 below, is proven in Section 4.

Lemma 3.1: For 7 > 719, where 19 < 00 s a constant that depends only on d, the

following statements are true:

i ) Mper(h,L) is well defined for all L € N.
ii) The limit Mper(h) = Llirn Mper(h, L) exists and
—00

M_(h) for h < hy
Mpe’r (h) = %( _(h) + M+(h)) fOT’ h = ht
M, (h) for h > hy
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Remark ii) : Lemma 3.1 is an immediate generalization of a theorem proven in [6],
which states that the quantity

Zper (h, L) e/ E

goes to the number N (h) of stable phases* as L — oo (we use f(h) to denote the

free energy).

We now turn to the finite volume behaviour of My, (h,L). We introduce the
susceptibilities
dMy (h)

X+ = ——0 ; (3.8)
dh h=hy=%0

and the constants

Note that My = 0 and x4+ = x_ for a system with +/— symmetry.

Theorem 3.2 : There exist constants 19 < oo, Ko, K1 < 00, and bg > 0 such that

the following statements are true for T > 1.

i) | Mper (h, L) — Mper (h) | < e7P07F 4 K e bolh=helt (3.10)

. + x- — X_
i) Mper (h,L) = My + % (h — hy) + (M+ % (h—ht)) x

X tanh{Ld (M(h — hy) + % (h — ht)Q)} + R((hg,ﬂ,)

4For the models with two ground states considered in this section N(h) is one for h # hy and
two for h = hy.
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with an error R(h, L) bounded by

| R(h,L) | < e %™ + Ki|h — he|?. (3.11b)

Remarks:

iii) Both bounds, (3.10) and (3.11), of Theorem 3.2 are true for all h. The bound
(3.10), however, is better if | h — h; | is large, whereas (3.11) is better if | h — hy |
is small. The overlap, where both of them are non-trivial, is the region L% «
| h — h |< 1.

iv) For a system with +/— symmetry, hy = 0, My = 0 and x4+ = x— = Yx; therefore

Theorem 3.2 implies that

Myer (hyL) = xh 4+ M tanh (MAhL?) 4+ 0(h%) + 0(e”75). (3.12)

We finally discuss the shift of the coexistence point h; due to finite size effects.
Since the order parameters have no discontinuities in finite volumes, there are several
possible definitions of the coexistence point for finite L. We consider the point h,, (L)

where the finite volume susceptibility

dM,e, (h, L)

Xper (h, L) - dh

(3.13)
is maximal, the point ho (L) where My, (h,L) = My, and the point h; (L) where

the finite volume approximation

N (h, L)

2d ﬁ
Zper (h7 L) ] (314)

Zper (h,2L)

to the number N (h) of stable phases (see remark ii) after Lemma 3.1) is maximal.
Since the function M., (h) — My may have additional zeros as h — Zoo in the
abstract context considered here, one must restrict h to a certain neighborhood of h;

to ensure that hg (L) is well defined.
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Theorem 3.3: There are constants 6 > 0 and Lo < oo, such that the following

statements are true for L > Lo and T > 1.

i)

iii)

There is exactly one point h,, (L) such that

Xper (Bm (L), L) > Xxper (h, L) for all h # hp (L);

and

3(x+ —x-)

hm (L) = he + 4 M3 [2d

+ 0(L73. (3.15)

There is exactly one point ho (L) in the internal [hy — &, hy + 0] such that
Myer (ho (L), L) = My; and

| ho (L) — he | < 0(e”?71). (3.16)

There is exactly one point hy (L) such that

N (he(L),L) > N (h,L) forall h # hy(L);

and

| he (L) — he | < 0(e™b7E). (3.17)

Remarks:

iv) The fact that h,, (L) contains no corrections of order 0(L~%) is a peculiarity

of the coexistence of two states. If hg is a point where more than two phases coexist,

h. (L) may be shifted by an amount 0(L~%), see Section 5.

v) The theorem shows that ho(L) and h;(L) are much better approximations for h;

than h,,(L). Since My is not known a priori, and since the definition of ho(L) is less

obvious for systems with more than two ground states, we propose to use hy(L) for
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a numerical determination of the coexistence point. Note that it is not necessary to
calculate the partition function itself to determine hi(L), because the local maxima
of N(h, L) correspond to the points h for which Mye,(h, L) = Mpe,q(h,2L).

vi) Some time ago, Binder and Landau developed a heuristic theory of finite size
scaling at first order phase transitions, assuming that the probability distribution
pr(+) of the finite volume magnetization is well approximated by a sum of two Gaus-
sians. The relative height of these Gaussians was chosen in such a way that the
area under both peaks of py, is equal for h = h; [4]. Binder and Landau derived
a formula for My, (h, L) (formula (25) of [4]), which is exactly our formula (3.11a),
except for the error term, which cannot be systematically estimated in their theory.
Later on, Binder et al. ”corrected” this theory, assuming now that for A = h; both
peaks of pr(-) have equal height, and predicting a shift h,,(L) — hy = 0(L~9) if
X+ # X— [5]. As we know from [6], see also Theorem 4.1, Section 4, this assumption
is unreasonable, because at h = h; both phases contribute to Z,e,(h, L) with equal
weight e~/ (h)Ld, except for exponentially small errors. And this corresponds to equal
"areas”, not equal heights. This explains the discrepancy between their formulas and

ours.
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4. Proof of Lemma 3.1,
Theorem 3.2 and Theorem 3.3

All results of section 3 are based on the following Theorem 4.1. Since the proof

of the theorem does not depend on the fact that there are only two ground states, we

formulate it for the general system with N ground states, Q@ = {1,... N}. M/ _.(h,L)
is defined by
Mper(ha L) = oh, log ZPET(T> . (4'1)

Theorem 4.1: There are constants 79 < oo, bg > 0, depending only on N and d,

such that the following statements are true for ™ > 1q:
i) | Zper(T) — Y e fib" | < e IE —borL, (4.2)
€eQ
i1) Let
/ d -1 /rd
P, = [ Z e_me} e~ Jal" (4.3a)
meQ

Then

dk 7 af(; — boTL
W A]\4pe,'ﬁ(h7 L) - Z - % Pq S & ¢ (43b>
qe@ ’

for all multi-indices k : {1,...,N —1} — {0,1,2,...} of order |k| < 3.

Remarks.

i) Theorem 4.1 is a generalization of Theorem 5.1 of [6], see also [12], Theorem 5.1
and Theorem 5.5. Note that the sum over ¢ in (4.2) and (4.3) goes over all g € Q,

whereas the theorems of [6] and [12] are stated for the corresponding sums over stable

b

q’s.
i) It follows from Theorem 4.1 i) and the fact that f = min f;, that
q

Zper(T) > e TE7 (1 — embo7L)
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so that Zpe,(T) # 0 and M?,,.(h, L) is well defined for 7 > 75. On the other hand

per

o 1 of
A Mier (L) = 55 Zf (_8hi>

afi=

by Theorem 4.1 ii); N(h) is the number of stable states. For @ = {+, —}, there is

only one magnetic field h, and

df’.(h
_ f;é ) = M, (h) provided h <h.
while
df’ (h
_ fd—]g) = Mﬁ (h) prOVided h S h/t 9

Therefore Lemma 3.1 follows immediately from Theorem 4.1 i) and ii).

Proof of Theorem 4.1:

The first step in the proof is a decomposition of Z,.,(T')
Zper(T) = ZB9(T) + Z"(T) (4.4)

where Z7¢*(T') is obtained from Z,.,(T") by restricting the sum in (3.1) to a sum
over sets {Y,} such that diamY < L /3 for all contours Y € {Y,}. Z7(T) is
decomposed further as

Zr(T) = Y Z;(T) (4.5)

q€eq

where a set {Y,, } contributes to Z;*(T) if its external contours are ¢ contours (if {Yy }
contains no external contours, |R,,| = J4m L for some ¢ € Q; the corresponding

term e~ ¢ then contributes to Zy(T)).

Since each configuration contributing to Z2%(T') contains at least one contour of

size bigger than L/3,

| ZBi9(T) | < e FL* e=tr7L (4.6a)
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for some b; > 0 depending on N and d; see section 5 of [6] for the details of the proof.
In a similar way,
E

. _ d _ T
% zBig (T)‘ < e TE gmtaTh (4.6b)

for all multi-indices k of order |k| < 4.

We now turn to the properties of Z;**(T'). Recalling that the constant « of section
2 was chosen as a = 7/2, (see remark vi) of Section 2) let us assume for a moment

that

ag(h)L < 7/4. (4.7)

Then all g-contours in 7' (which has diameter L) have small activities by Lemma
2.11ii) and (2.12) (see also remark vi) of Section 2) . Therefore Z;**(T) can be
analyzed by a convergent cluster expansion. Comparing the expansion for log Z;“*(T)

whith the expansion for f; one obtains the bounds
| log Z;**(T) + fiL%] < e »7h, (4.8)

k

d
oF <10g Zre(T) + f) Ld) ' < e bl (4.8b)

where by > 0 depends on d and N and k is again a multi-index of order |k| < 4.

On the other hand, for a, # 0,

| Zpe(T) | T <

< exp{e” b2TL} max{e‘aTqLd, e~ bl } (4.9a)

where b3 > 0 again depends only on d and L. The physical origin of the bound (4.9)
is clear: If ¢ is unstable, one either pays for the higher energy of the unstable phase,

or for the formation of a large contour which brings the system into a stable phase.
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The detailed proof is given in [6], section 5; see also Appendix A, remark i). In a

similar way

el res fL
' apr a0 | e s
< C(|k]) 2L exp {e="7E} max{e” TLY e Tb3Ld71}
(4.9b)
where C (|k|) is the constant defined in (A.14) and |k| < 4.
We therefore bound
‘des(T) ede } < exp {e—bQTL} e—TLdilm’l:?’L{l/8,b3} <
< e— b4TLd71
and
dk res de — b47'Ld_1
W Zq (T) & S €
provided 7 is large enough, |k| <4 and a,(h)L > 7/4. On the other hand
‘6— fir? | < e FL? - byr L4t
d* / _
dhk e fiL? < e_de e—b4TLd 1
if ag(h)L > 7/4. Therefore
| Zres(T) — e Fil" | < e B g bor Lt (4.10a)
dk res rrd _fLd  _perrd-t
<F (Z7s(T) — e JaP") | < em L7 e bo7l (4.10b)

if ag L > 7/4 and |k| < 4. Combining the bounds (4.6), (4.8) and (4.10) we obtain

the theorem for some constant by > 0 depending on d and N. [ |
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We now turn to the proof of Theorem 3.2. If N = 2, the bound (4.3b) can be

rewritten as follows: We rewrite

1 1

o= §(fiL + f1) + §(f/+ - f)
1 1

o= 5(,]”5r + ) - §(f/+ - 1)

and use the definition of the hyperbolic tangent to get

dF 1d(f' (h " (h
'W[MW(M) L CAORS AV
d(fi(h) — /— h ! 1
B % (fi( )dh f2(h)) tanh{%(ﬁr(h) B f_(h))Ld}l ‘ < (4.11)
< e—bo"f'L7

provided |k| < 3.

On the other hand

1 (df’_(h) - dfi(h)) > b (4.12a)

2 dh

for some constant b > 0, see remark iv), section 2. Since f_(h) = fy(h) for h = hy,

it follows that
1
3 ‘fﬁr(h) — f’_(h) ‘ > blh — hg| . (4.12b)

Combined with (4.11), the fact that |tanh 2 — signz| < e~ /?I, and the bound

where C is the constant from (2.5), we conclude that
Myer(h,L) — lim My, (h,L)] < 2e %7 4 20 e~ blh—holL?
p I p
—00

This proves Theorem 3.2 i).
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Theorem 3.2 ii) follows from (4.11) by a Taylor expansion around hg. Using the
fact that f (ho) = fL(ho) and

dfy(h)
jih = My(ho) = Mo + qM,
h=ho
d? fa(R) _ X+ T+ X- pog X T X
dhZ |,y ‘ 2 1T

where ¢ = +1, we expand

%(f@(h) — fL(h)) = (h—ho) M + (h—hg)? % +0((h—ho)®), (413a)

1 d(fi(h) — fL(n)) X+ — X— 2

ST = M + (h—h) +T + 0((h = ho)?) , (4.13b)
1.d(fi(h) + fL(R)) X+ + X 2

5 + - = My + (h— ho) +T + ()((h—ho) ) (4.13¢)

Theorem 3.2 ii) follows from (4.13) and the bound

i { 2 (7100 — )} -

- tanh{Ld (M(h— ho) + 2= (h - hO)Q)} ‘ <

< Ky|h — hgl? (4.14)

where K5 < oo is a constant that does not depend on L. Thus Theorem 3.2 is proven

once the bound (4.14) is established.
We use (4.13a) together with the mean value theorem of differential calculus to

bound the left hand side of (4.14) by

C L4 h — hg|?
cosh?{y L4(M(h — ho)) + 7= (h—ho)? + (1 =) &= (fi.(h) — f.(h))}
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where C' < oo does not depend on h or L and 7 is a number between 0 and 1 (which
does depend on h and L). We now use (4.12) and (4.13a) to bound the absolute

value of the argument of the hyperbolic cosine from below by

LAblh = ho| — K[k — hol®)
where K < oo does not depend on h or L. For K|h — hg|?> < b/2, the inequality
(4.14) then follows from the observation that

C L(h — hy) _ 2C

cosh®(LLdblh — hel) — b

For K|h — ho|? > b/2, the bound (4.14) is trivial (choose Ky = 4K/b). |

We are left with the proof of Theorem 3.3. In a first step we assume that -
|h — hy| > BLY, where B is a constant to be fixed later, and show that

N (h,L) < N (hy, L), (4.15)
Xper(haL) < Xper(htaL)7 (416)

and
| Myer(h, L) — My |> 0 (4.17)

provided |h — hy|] > BL™% and L > Ly(B). In the second step we show that
Mper(-, L) — My and the derivatives of N and xp, have one and only one zero in
the internal [hy — BL™%, hy + BL™%], and that these zeros obey the bounds (3.15)
through (3.17).

We start from Theorem 4.21), which will be used in the form

Zper (T) ST 1 o= UM = f20] | < o=borL
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As a consequence

< 0 (6_ boTL) ]

'N(h,L) _ [%r/w—l)

where we used F to denote the quantity L¢|f} (h) — f’(h)| and n to denote the

number 2¢. Since (1 +e~%)" /(1 4 e~ "®) is a monotonic function of z and

F o= L] fi(h) — f'(h)| > 2Bb
provided |h — hy| > BL~¢ (we used (4.12) in the last inequality), we have

N (hy,L) — N(h,L) >
> 2 — 0(e" Ty — N(h,L) >

. (1+6—2Bb)n 1/(n—1)
> 2 —0(e k) — <—1+6_23bn .

We conclude that N(hy, L) > N(h, L) provided |h — h;| > BL™% and L > L;(B).
On the other hand,

L /df’ (h df’ (h)\ 2 L4
Xper(hy L) — T ( f;li ) — fc_ii(z )> cosh ™2 {7 (f;(h) — f’_(h))} ‘ <
< 40y + e hTh <1 440,

by the bound (4.11) and the fact that

' d* fo(h) ‘

e (4.18)

(Ck is the constant from (2.5)). Now, we distinguish two cases: Either |h — hy| >
B L~ for some large constant B; then

Xper(ht7L) - Xper(hyL) Z
C? ¢ -
> M?LY — 11_6 cosh ™2 {bB} — 8Cy — 2 >
M? ¢
2

— 8C; — 2
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where we used the bound (4.18) to estimate df;(h)/dh. Or BL™® < |h — hy| <
B L% then
df! (h) df’ (h)

1 —d
— — — > —
> | 2 — = M|+ (k) = M| = 0L |

which implies that

XpET(ht7L) - Xper(h, L) >

> M?L%(1—cosh™®{bB}) — 4C; — 1 — 0(1).

In both cases Xper(ht, L) — Xper(h, L) > 0 provided L is chosen large enough.

Finally, by the bounds (4.11) and (4.12), and by the fact that

‘ dfy (h)
dh

for some constant K < oo,

|MP€T(h7L) - MO| Z
> Mtanh{%d(fjr(h) - f’_(h))} — e bl K|h—hy| >

> M tanh {bB} — e %™l — KI|h — hy,

provided |h — hy| > BL~? We conclude that there is a constant § > 0, such that
Mper(h, L) — My # 0 for all h in the range

BL ™% < |h—h < 6,

provided L is chosen large enough. This concludes the proof of (4.15) through (4.17).

At this point the proof of Theorem 3.3 is an easy exercise. We start with the
proof of i). We will show that xper(-, L) has only one local maximum in the interval

[hy — BL=%, hy + BL~%), and that this maximum obeys the bound (3.15).
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We start from (4.11). Calculating the derivatives with respect to h (for k = 2),

and using the fact that

d(fi(h) — £ (h)

= X+ = X-
dh? h=h,
we obtain that
preT'(h’ L) . 3Ld M X+ - X- S
dh heh, 2
1| d(fi(h) + f.(h) bo L
< = TR < 20 1 4.19
D) ‘ dh3 h=h, e - T (4.19)

(we used (4.18) in the last step). On the other hand, by the bound (4.11) and the

fact that
1d(f}(h) — fL(h)) d
hl = M L~
2 dh + 0 )
provided |h — hy| < BL™%, we have
2 Xper Ld(fL(h) — fL(W)\* 501 — h?
d Xp (h7L) - _9 - (f+( ) f—( )) L3d 31]2;11 F + O(LZd) —
dh? 2 dh cosh® F
1 — 3 tanh® F
= —o2M* L3 + 0o(L* 4.20
cosh? F ( ) ( )

where we use F' to denote the quantity 1 (f,.(h) — f~(h)) L%. We recall that |F| <
Ci|h — hs| < BCj provided |h — hy| < BL™%. Choosing B small enough and L
large, we obtain that

d? Xper(h, L)

4 r3d
dh? = Mk

in the interval [hy — BL™¢, h; + BLY). Together with the bound (4.19), this proves
that d Xper(h, L) / dh has only one zero h,,(L) in the internal [h,—BL~%, h; + BLY],
and that h,,(L) — hy = 0(L729). For |h—h;| < 0(L~24), however, the bound (4.20)
implies that

d? Xper(h, L)

4 r3d 2d
s —2M* L3 4+ 0(L*).
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Combining this bound with the bound (4.19) we obtain the bound (3.15).

The proof of ii) proceeds in a similar way. We note that

| Mper(he, L) — My | < e PoTF (4.21)
and that
dMper(h, L _
% — LM? cosh™ F | < const., (4.22)

provided |h — hy|] < BL™% (the proof of (4.21) and (4.22) is completely analogous
to the proof of (4.19) and (4.20)). Since |F| < B} we obtain that

dMyer(h, L) _ L'M°

o > cosh 2 (BC;) > 0

provided L is large and |h — hy| < BL~%. We conclude that M., (h, L) — My has a
unique zero ho(L) in the interval [hy — BL™%, h; + BL™%, and that ho(L) obeys
the bound (3.16).

To prove the last statement of Theorem 3.3, we note that the local maxima of

N(h, L) are the points for which
Mper(h,2L) — Myer(h,L) = 0.
On the other hand
| Mper(he,2L) — Mpey(hy, L) | < 2~ %7F (4.23)
and

d
an [Mper(hy2L) — Mper(h, L)] — L*M? [2% cosh™*(2¢ F') — cosh™® F] | < const ,
(4.24)
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provided |h —hy| < BL~%. Choosing B small enough (which implies that F' is small)

and L large, we obtain that

d

=7 | Mper (,2L) = Myer(h, L) | > LYI? L% cosh 2 (29 BCy) > 0

in the interval [hy — BL~% h;+ BL~%. Together with the bound (4.23), this implies

statement iii).
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5. General case of multiple phase coexistence

Let us recall that choosing a value of the field parameters h = {h;} € R¥~! | the
stable phases ¢ are characterized by vanishing of the parameter a, = fé —f . We use
Q(h) to denote the set of labels of stable phases, Q(h) = {q € Q; a,(h) = 0}, and
N (h) to denote their number, N(h) =| Q(h) | . Recall also that in (4.1) we defined

i 1 0
Mper(h’7 L) = ﬁﬁ_hz log ZPET (T)
and let us denote
i o1,
M (h) — ah‘?

for every® q€Q .
In the Remark ii) after Theorem 4.1 we actually proved a generalization of Lemma

3.1:

Lemma 5.1 There exists a constant 1y depending only on d such that, whenever

T > 79 , the magnetization M?_ (h, L) is well defined for all L € N and

per
Mper(h) - Lhﬁnclo Mper(th) o W eg(h) Mq(h) (51)
q

To evaluate the speed of convergence in (5.1) we have to bound from below the
parameter a,(h) for all unstable phases ¢ . To this end we introduce the distance

dq(h) from h to the region where ¢ is stable,

dy(h) = dist(h,{h | ay(h) = 0}). (5.2)

Lemma 5.2 There exist constants 79 < oo and M > 0 such that, for T > 7

and any q wunstable for a given value of h one has

ag(h) > Mdgy(h). (5.3)

5If q is stable, Mgy(h) is just the "magnetization” of the phase ¢ ; however, it is defined for
unstable ¢ as well and it is, in fact, a C® — continuation of the magnetization into the unstable
regions.
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Proof: Let us consider, for every h in the ball B(h) of the radius d,(h) around

the point h , the vector

where F = F(h) is the matrix (2.21) and wu is the vector with components
Um = Omg - Recalling that the norm ||F~!|| satisfies a bound of the form (2.7) (cf.

Remark iv) after Lemma 2.3) and taking 0 < M < ﬁ , we get

d _ _ _ _ _
o g = ) (h+ Av(h) = (Fv(h)g— (Fu(h)s = 1= M- |v(h)] (54)
A=0
for every s # ¢ . Hence, there exists a smooth path C' of length at least d,(h)
, starting at h and ending at a point heB (h) , such that everywhere along the
path the derivative of f, — fi satisfies the bound (5.4). Choosing now s stable at
h and observing that a,(h) = fé(ﬁ) — fi(h) > 0 , we have

o(f — ¢ ~ ~
ity = 5y - 1 = [ eI o gy - gy

v

M/Cds+aq(h) > dy(h)- M.

Denoting now d(h) the minimum of distances d4(h) over unstable phases ¢ ,

d(h) = in  d,(h),
(h) s q(h)

we prove:

Theorem 5.3 There exist constants 19, Kg < oo and by > 0 such that for 7 > 79

one has

| Ml (B L) — Mi,(h)| < e L 4 Kye~ #dWL", (5.4)

per
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Proof: Taking into account the bound (4.3b) and the equality (5.1), we estimate:

‘ M]ier(h7L) - M]’ier(h) ‘ <
) 1 .

| Y PM(h) - N > M) | eh <

q€Q q€Q(h)

< > | - .
q€Q(h) N(h) N(h) + 3 e~ Im=HL
meQ\Q(h)
—(f,—f)L?
. e—(fq
+ Z ‘ Mé(h) ‘ < + e*boTL
q€Q\Q(h) N(h) + meg\:Q(h) e ( )

The needed bound follows taking into account that N(h) > 1 and

e~ (a=DLY < o=MdWL que to Lemma 5.2.

The bound (5.4) is, in analogy with Theorem 3.2 i), useful whenever the parameter
h takes on values with large d(h). This means far away from the curves (or surfaces)
where some of the phases that are unstable at A turn into a stable one. In particular,
far from the value h(®) | where all N phases coexist, (a,(h(?)) = 0 for all ¢ € Q).

Next, we describe the behaviour of M, (h,L) in a close neighbourhood of h(0),
To this end, we start from the formulas (4.3) that express M/, (h,L) in terms of
Mi(h) and fi(h) and expand them in (h — h(9). To simplify the notation, we
introduce universal functions P,(n) , that replace the tangens hyperbolicus from
Theorem 3.2. ii). For n € RY | we define

e~ M4

P, = —.
(I(n) EZZI o—Tm

.. .. 2

Using also x;/ to denote the susceptibilities, xg/(h) = %gth , we evaluate
M., (h,L) in (essentially) the first and second orders in the distance || — RO
of h from the point A(?) of full coexistence. The crux of the statement are the bounds

on the errors.
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Theorem 5.4 There exist constants 19, K1, Ko < o0 and by > 0 such that

i)

M (h,L) = > Mi(hO)Py(n) + Ra(h, L),

q

where 1 s the vector with components

_ i 0
Tm = LYY M (hO)(hy — 1),

J

and

M (hL) = S [MI®) + 3 X9 (O (hy — 1) Py(n) + Ra(h, L),
q

J

where n s the vector with components
= (3 Mp () (h - ) + Z X (O (i = B (g = b))
J

The errors Ry, Ry satisfy, for T > 7y , the bounds

| Ri(h,L)| < e ™™F + Ky ||h— h<0>||mm{”h—h0” 1+||h—h<°>||Ld}, (5.5 1)
d(h)
and
h—hO)|
Ro(h,L) | < e %™t 4 Ky ||h—h©)2 [l | A+ ||h—hO | LY (5.5 i
| Ro(h L) | < + Ko o=k min {Zm = 1 - 20, (55 )

where

d(h) = dist(h,{h € RN ‘ N(h) > 2}).

We note that d(h) = d(h) if N(h) = 1 , whereas it vanishes on the curves (and

surfaces) of phase coexistence. The bounds (5.5) are weaker than the corresponding
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bounds in theorem 3.2; in the region |[|h —h(®| >> L~¢ they become useless if h
approaches the phase coexistence regions. However, changing the definition of F,
in these regions, one can evaluate the finite volume behaviour of M, (h,L) on the

surfaces and lines of coexistence as well.

Proposition 5.5 Theorem 5.4 remains valid if the functions Py(n) , and similarly
P,(n) , are replaced by the functions PqQ(h)(n) which are obtained from Py(n) by
substituting
1
Mo = W Z Nim
meQ(h)

for ng whenever q is stable. After these replacements, the bounds (5.5 i) and

(5.5 ii) can be strengthened to

h — h(0)
| Ri(h,L) | < e ™" + Ki||h—hO| min{%, 1+ |[h— h(O)HLd},
and
— h(0)
| Ro(h,L) | < e ™7F 4 Ky|h— b2 min{%7 1+ ||h— h<0>HLd}.

Before proceeding to the proof of the above statements, we illustrate them by
applying them to a model that is simple, yet it captures main features of a general

case. Namely, we consider the Blume-Capel model [13] with the Hamiltonian

H = % > (Sa—sb)Q—hlgsg—hggsa,

<a,b>

where the spin takes on three values, S, = 41,0 . There are three translation

invariant ground states with specific energies

eop = 0,ey = —hy—hg, and e = —hy + ha.
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a) b)
Fig. 1

The phase diagram of the Blume-Capel model at low (b) and zero (a) temperature.

With the help of Pirogov-Sinai theory, it can be shown [14,15] that the phase diagram
at low temperatures (Fig. 1b) is a small perturbation of the phase diagram at zero
temperature (Fig. la).
Notice that the 4+, — symmetry is conserved at nonvanishing temperatures. In
Fig. 2 we indicated several straight lines, along which we shall analyse, say, the
formula i) with the error bound (5.5 i).

Considering first the dependence on a parameter h along the line [; we get

M, (h,L) =

per

= Z M;(h(o)) -
o S, e | X ML)y )L

+ O(|h—h) .

The error is of the order ||h —h(®|| since for h on I; one has d(h) > «a|h—hO)|
with a fixed a > 0.

Along the straight line I (the tangent at h(9) with respect to the curve of 0, —



39

Fig. 2

phase coexistence) the bound (5.5 i) fails. The reason is that d(h) vanishes quicker
than ||h —h®|% as h — hO),

Also along the line I3 the bound (5.5 i) fails since d(h) goes to zero when crossing
the coexistence curve while ||h — h{®)|| stays bounded from below. But here we
actually have the coexistence of only two phases, + and 0 , and one should rather
apply Theorem 3.2 replacing h(°) by the intersection of I3 with the coexistence curve
of + and 0 phases.

An interesting case is that of the line Iy (the axis ha = 0). Here, one phase
(the phase 0) is stable for h; < h§°) , two phases (+ and — ) are stable for
hi > h§0) , and all three of them coexist at hy = th) . Observing that then d(h) =
1h—h©| =| hy —h{? | and setting M = L[L(ML(hO) + ML (hO)) + M(hO)]
and A" = M{(h?) — M? | we get

M, (h,L) = M'—A'tanh (A"~ (hi—h{")L? +10gv2) + 0(| ha—=h{" |) . (5.7)

per
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Notice that this formula has the same structure as (3.11 a), except for the additional
term log+v/2 in the argument of the hyperbolic tangens. A direct extension to a
situation with n phases coexisting along a line (say l4) yields the formula

M, (h,L) = M'—A"tanh A" (hy—h{")- L +1ogv/n) + 0| hi—h'" |) . (5.8)

per

The term log\/n can be traced down to the fact that n 4+ 1 phases coexist at
h(0) ; n of them being stable for h; > hgo) and the remaining one for h; < h§°) )
One would thus expect a similar behaviour also for the n — states Potts model that
reminds this extension. Indeed, an analog of (5.8) can be proven for E,..(5,L) , the

mean energy of the Potts model under periodic boundary conditions [7].

Proof of Theorem 5.4 and Proposition 3.5

We start with the proof of Theorem 5.4. According to 4.3b) it is sufficient to evaluate

the expression

> Mi(h)P

qeq

with ¢ = {f’,(h)L9} neq - Expanding M (h) and f! (h) around h(®) | we have

| M () — ME,(h™) Zx (AO)(hy =) | < My - |h—h®)? (5.10)
and
| fr(h) = fr, (b)) ZM% (RO)(hi = h{®) —

- an’f hO)(hi — B (h; — ") | < My |lh—hO|2,
i (5.11)

where the constants M7, Ms do not depend on h according to (2.5) and (2.20). Taking
into account (5.10) and once more (2.5) and (2.20) we see that to prove (5.5 i) and
(5.5 ii) it is enough to show that

| Py(&) = P(m) | < O(llh— %) min{L,d(h)~"} (5.12 1)
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and

| Py(¢) = Py(n) | < O(lIh = hV|*) min {L%, d(h) '} (5.12 ii)

(Recall that 7 arises from 7 by omitting the quadratic terms in h — h(©) .
Rewriting P,(() as

e_(Ctz_qu)
Zm e_(Cm_qu)

Pq(C) =

where ¢g is chosen in such a way that ¢¢ is stable at h , we see that it is enough

to estimate

6_(Cq_4q0) _ 6_(77q_"7q0)
for all ¢ # qo in order to prove (5.12 ii). Bounding

‘6(Cq_§qo) — a7 "o |

S [| Cq — 14 | + | qu — Tgo |] max {e(gq_qu) , 6—(77q—?7q0)}

S 2M2Hh — h(o)H3 Ld max {6_(@1_@10) , e‘(”q_nqo)} ,
we conclude that

| Py(O) = Pn) | <
< 0(J|h — A3 LY max max {e_(c‘?_c‘lo) : e_("q_”qo)}. (5.13)

m#qo
We now distinguish two cases. Either

lh—n O > Cd(h)

for some constant C' to be chosen in a moment; then we use (5.13) and the trivial
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bound | P, |< 1 to estimate

| Py(C) — Py(n)| <
< min {Z,Ld0(|]h—h(O)H3)}

. {2||h — hO)3
min —_—

< =
Cd(h)

L Lho(lh— A}
Or ||h—h©®|3 < Cd(h) and we bound

Cq - CQO = dq > Md(h)v

v

Mg — Tgo Cq - gqo - M2||h_h(0)||3Ld >

> (M — C)d(h)L?, (5.14)

chosing 0 < C' < M, , and using the fact that e~ < min {1,2} , we then may
use the bound (5.13) to obtain (5.12 ii). The bound (5.12 i) is obtained in a similar

way. In order to prove Proposition 5.5, we observe that

Cq = CO = H;rllngm

if ¢ is stable. It is therefore enough to prove the bounds (5.12 i) and (5.12 ii) (with
P, replaced by PqQ(h)) for all ¢ € {0} U Q\Q(h) . Rewriting

e_(Cq_CO)

QU+ 3 el
meQ\Q(h)

PP =

and replacing the lower bound (5.14) by the bound
Gq —C = Md(h)

we then may proceed exactly as in the proof of theorem 5.4.
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Appendix: Proof of Lemma 2.1, 2.2 and 2.3

In this appendix we prove Lemma 2.1, Lemma 2.2 and Lemma 2.3. Since our
results do not depend on the fact that e, and p(Y') are real, we allow for complex
ground state energies and activities in this appendix. We require the bounds (2.1),

(2.5), and (2.6) with (2.2) and (2.4) replaced by

ep = minRee, , (2.2")
q

B (L) o

¢,i=1,... . N—1

and generalise the definitions (2.16) and (2.17) to the complex situation by putting

f=minRe f,, , (2.16")

ag=Ref,—f. (2.17")

The definitions of Z,;, K'(Y') and Z, are the same as before.

We start with the proof of (2.12), assuming that is has allready been proven for
all contours of diameter less than n. We introduce an auxiliary contour model with
activities
K'(Y?) if dlamY? <n

0 otherwise.

KM (y1) = {

Denoting the corresponding free energy by fé”), we define

fén) = min Re fT(,ZL) , (A.1)
ag") = Re fé") — fén) . (A.2)

Since fén) and log Z (’J(V) can be controlled by convergent cluster expansions due to

the inductive assumption,

log Z,(V) + fi™ V|| < O(e)|oV] , (A.3a)
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for all volumes V' with diamV <n, and

‘ £ — eq‘ < O(e) . (A.3b)
Here € is the constant
€= (Tma2d=2) (A.4)
We now assume inductively that

K'(Y)| < e, (A.5)

for all contours Y with diamY < n, and
1Z,(V)] < lPVI=5" 1V (A.6)

for all ¢ and all volumes V' with diamV < n.
Using the inductive assumption (A.6) and the bound (A.3), we bound, for

diamY? =n,

|K’(YQ)| < X/(yq)e(Re eqfeofT)|Yq|€ag")|Int Yyl H €(1+O(e)\81nthq\

m

< X/(Yq) eag”>|1nt Y| ,(Re eg—eo+2d+0(e)—7)|YY|
where we used the bound
> |0t Y| < 0Y| < 2d Y] . (A7)
Since x'(Y'9) = 0 unless

Re (log Z,(V(Y')) — log Z, (V(Y*))) > —af¥?| — 1 ,
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which, by the bounds (A.3) and the fact that |V (Y?)| = [IntY'?| + |Y9|, implies that
(Reeq — €0)|Y9| + a{”|Int Y| < (a+ 14 O(e))| Y] ,
we finally obtain the desired bound

K'(YY) < e~ (T—a=2d=1=0()IY1| < V] |

Lemma A.1: Assume that diamY? <n and that aé”) diamY? <« — 2. Then

X'(Y?) =1
Proof: Using (A.3) and the definition of af{‘) we bound
log | Z,(V(Y))| = log | Z,,(V(Y"))| + Y| > (a = O(€)) [Y] = a{™ |V (Y )] .

Combined with the bound aén) V(Y?)| < a((ln)diam Y|V < (a—2)|Y? , and the
property (2.14b) of y we obtain the lemma. |

Lemma A.2: Assume that diamV <n and that agn) diamY? < «a — 2. Then

Zy(V) = Zy(V) (A.-8)

Proof: For diamV < 2, the statement is obvious. Assume that (A.8) has been
proven for all V with diamV < m —1, m < n. Taking into account Lemma A.1 we
infer that K'(Y?) = K(Y?) for all g-contours Y7 with diamY? < m. Using (2.9)

and the definition of K (Y ?) we conclude that for all volumes with diam V' < m,

ZV)= Y Zymtyee i TT K (v)
{Yo?}ext &

= Y Z)(Int)e VN TT K/ (V)

{Yo(al }ext

=Z,(V),
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where Int denotes the set U,IntY4. Thus the lemma is proven by induction. H

Lemma A.3: Assume that diamV <n+1. Then

1Z,(V)] < e=fo" IVI+10V] for all g€ Q.

Proof: We define a contour Y? to be small, if agn) diamY? < a — 2 and use the
relation (2.9) to rewrite Z,(V') in the following way: write a set {YJ} of external
g-contours in V as {X2}U{Z2} where {Z2} denotes the small contours in {YJ}
and {XZ} the large contoursin {Y?}. Note that for fixed X2’s, the sum over {Z4}
goes over all sets of mutually external small contours in Ext = V\ |, (Xo UInt X,,).

Thus, resumming the small contours and using the relation (2.9) for a second time,

z,v)= 3 zmE) [ [pXD [] Zn(intnX2)| . (A9)

{ch}ext @

where the sum goes over sets of mutually external large contoursin V and Z ;ma“(Ext)
is obtained from Z,(Ext) by dropping all large external g-contours.

By Lemma A.1 through A.2, K(Y9) = K'(Y?) if Y?is small. Therefore the parti-
tion function ZZmaH(Ext) is equal to the corresponding truncated partition function,

which can be controlled by convergent cluster expansions. It follows that
| Z5mall (Ext)| < e~Re /i Extl+O(910mxt] (A.10)

where f;ma“ is the free energy of the contour model with activities

K'(Y?) if diamY? < n and Y? is small ,

Ksmall(yq) — { .
0 otherwise.

On the other hand,

| Zy(Int, X3)| < ¢ o e X3+ 100t X (A.11)
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due to the inductive assumption (A.6). Combining (A.10) and (A.11) with the a

priory bound on p and the bound |fén) —ep| < O(€) we find that

Z,(V)| < Y e Rl =g VAR |mntl +O( 0] T o= (r=O(eDIXEl

{Xg}ext «
Using (A.7) to bound O(e)|0 Ext| + |0 Int] < O(e)(|0V |+ >, 10XZ]) + |0 Int| by

O(e)|oV|+4d",, | Xq| we get

< I IVI+O(e) oV —Re(fgmell—£§™) | Ext| —(r—4d-1)|X |
1Zg(V)| < e e e .

{Xg}ext

At this point we extract a factor

o o -
{)r(na}i}:xt exp ——\Ext| — —Z|X |p < max exp —qT]V\W] — @|8W|

and bound the remaining sum as in [BI], Section 2 (see also [Z], Section 2). We get

the estimate

(n)
1Z,(V)] < e 5" IVI+IaV] max exp{—aqT|V\W| _ 4ld|aW|} . (A.12)
Bounding the last factor by one we obtain the lemma. [ |

This completes the inductive proof of (2.12). On the other hand, f = lim fén)
n—oo

and a, = lim a((]”). Therefore Lemma 2.1 follows from Lemma A.1 through A.3 by

n—oo

taking the limit n — oo.

We now turn to the proof of Lemma 2.2, which we will proof in the form

’< dhy(i) ) [ V) eq|Vl} ' < conste™ C(k) (4e*|V|)F elca=DIVIFIOVE (A 13)
(%
where k =1,--- .4, p:{1,--- k} = {1,--- N — 1}, and

C(k) = p, max H ks - (A.14)
Ski=k =t
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C, are the constants from (2.5) and (2.6), Cy = 1 and the constant const in (A.13)
does not depend on k£ and V.
By the definition (2.3) of Z,(V)

[Zq(V) eeqlvl] = 3" I p(Ya)ecs=l I e (A.15)

{Yo} « z€V\UY,

where e(z) = e, if # € Ry, A derivative d/dh,;) now either acts on a factor e ~¢()
or on a factor p(Yy)ec!Yl. We fix all contours Y which are differentiated or which
contain a point z in their interior such that e®—¢(®) is differentiated, as well as all
contours Y’ such that there is a contour Y C IntY’ which is differentiated, and
resum all other contours. We then use Lemma 2.1 i) to bound the resulting partition
functions, and the bounds (2.5) and (2.6) to bound the derivatives of p and e,. As a

result, we obtain the estimate

(flats) ez cween 5 3

z1, 2k €V {Yo}

—FIV\UYu\{z1, - zi H+]|OV |+ Z 2d + E |0Y,| K

e He—e@m He—meo)w al

where the sum ' goes over all sets {Y,} for which each Y, either contains or
surrounds a point x;. Note that a term for which x; € Y, comes from a term where
p(Ya)equa' was differentiated with respect to hy(;), while the terms for which x; lies
in V'\ UY,, come from those terms where e®~¢(*) was differentiated with respect to
hp(i)- We now extract a factor C(k) (2e2¢)k e(ca=NIVIFIOVI from the right hand side

of the above inequality and bound the remaining sum as follows

Z H f—e(mi )H —(Tteo—f)Yal+10Yal < Z kO(e) H —(7=0(e)—2d)|Ya |

{y}zl {Ya}

< HeO(e) Z (@) He_('r—O(e)—2d)\Ya| < £0(© (1+ O(e—f)ye <ok

1=1 {Y.} «
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where the sum Z(i) goes over sets {Y, } of contours Y such that z; € Y UIntY for all
Y € {Y.,}. Finally, we note that the expansion of the left hand side of (A.13) contains
at least one contour because the term without any contour in (A.15) becomes zero

T

when differentiated. Thus, a factor conste™" can be extracted from the sum over

contours without destroing the remaining estimates. This concludes the proof of
(A.13). [

We are left with the proof of Lemma 2.3. Proceeding by induction we assume that
the lemma has allready been proven for diamY? <n —1 and diamV < n. For

diamY? = n, we rewrite
K'(Y) = p(Y?) e T] Zp (Int,,, Y9)e 7108 ZalntenY ™) (79 (A.17)
with
Xm(Y?) = x(Relog Z,(V(Y?)) — Relog Z,,(V(YY)) + YY) (A.18)

By the inductive assumption, Lemma 2.2 and the fact that y is a C*function, K'(Y?)
is a C* function for diamY? = n.
One may now use the inductive assumptions and the fact that (log Z,,(V)—en,|V])
can be analysed by a convergent cluster expansion to bound®
dk:

'Wlogz;m\ < (Ch+ O(NV] < 204V (A.19)

provided diamV < n. Using the properties of the function y, one obtains the bound

i

WXm(Yq) < const|V(Yq)|‘k| , (A.20)

with a constant that depends on N and on k. On the other hand

dk

pra [p(Yq) eeq|Y‘1|] ' < const (1 + |V |)Ikl eBeeqmeo=m)V] (A.21)

6see remark iii) below.
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and

dk
‘W

e—log Zq(IntY' ?) ‘ < const ’Inth|k€Refq [IntY?|+O(e)| Y| ) (A21)
We then use (A.17) to rewrite the derivatives of K'(Y?), and (A.20) through (A.22)
together with Lemma 2.1 and Lemma 2.2 to bound the resulting terms. We obtain

the bound

LRIV | < const[1+ [Y9] + [Int Y| I oalley?|+(Re ey —co+2d+0(0 =) ||

dk:
' dh¥

< const [1 + Y9 + 2d|Y‘1|2}4 e%a|ntY ?|+(Re eg—eo+2d+0(e)—7) Y|

< eaq\InthH—(Re eqg—eotconst—7)[Y| < (K€)|Yq| ’ <A23)

where we used the fact that x (Y?) = [[xm(Y?) and all its derivatives are zero if
aq/IntY?| 4+ (Reey —e9)|Y? > (a+ 14+ O(e)) Y.

We finally have to show that log Z (V) is a C* function of h for diamV =
n + 1. Since log ZZI(V) can be analysed by a convergent cluster expansion involving
only contours Y¢ of diameter less or equal n, this property of log Z, (V') follows
immedeately from the fact that K'(Y?) is C* for diamY? < n and the fact that
the cluster expansion for d*log Z,(V)/dh* converges uniformly in h by the bound
(A.23)7 ]

Remarks:
i) For a, # 0, the bound i) of Lemma 2.1 can be sharpened as follows: Taking
the limit n — oo of (A.12), and bounding [0W| from below with the help of the

isoperimetric inequality, we estimate
a
7 (V)| < e—fIVIHloV] {__qV K d/(dﬂ)}
[Zg(V)] < e max exp \ = [VAW| - 7K|W| :

where K > 0 is a constant which depends only on the dimension d. The maximum

is obtained for either W =V or W = (}; therefore

1Z,(V)| < e~ /IVIFIoV] max{e—%w : e-m\yﬁ/(da)} _ (A.24)

"The argument is the same as that one leading to (A.19), see remark iii) below.
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This is the announced improvement of Lemma 2.1 i).
ii) In a similar way, one may improve the bounds on the derivatives of Z,(V),
using equation (A.9) and the fact that the derivatives of Z;ma“ can be controlled by

a convergent cluster expansion. One obtains the bound

k agq -1
%‘ < C(|k|) |V |l e=f1VI+oV] max{e—T\V\,e—TKWld“d )} . (A.25)
iii) In standard polymer expansions (see e.g. [15]), the partition function

(log Z],(V) — em|V|) is expressed as a sum over terms of the form
¢C(Y1m7 U 7ern) HK/(Y;m) )

with coefficients ¢. (not depending on h) satisfying suitable bounds. These bounds
are sufficient to ensure not only (A.19) for k = 0, but, differentiating explicitely this
sum and taking into account the inductive bounds on derivatives for K’, also for

k> 0.
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